Abstract. In Wang etc.'s paper [1] , a method of nearly arc-length parameterized quintic-spline interpolation was given, but there were errors in the paper, and what is more important is that the method is not always feasible. The reason for this is that in the method Newton's iteration algorithm was used to solve a quartic equation, but nothing can guarantee the existence of reasonable roots for that equation. Because of these reasons, we point out some errors in that paper and give a new method of nearly arc-length parameterized quintic-spline interpolation that is always feasible based on that method.
Introduction
In Wang etc.'s paper [1] , a method of interpolating a set of discrete data points to form a composite quintic spline for application in precision machining was given, but there are some errors in the paper, and in order to estimate the length of each local parametric interval and forcing the first derivative at the midpoint of the local parametric interval to be unit the method needs to solve a quartic equation by using Newton's iteration method, while nothing could guarantee the existence of reasonable roots for that equation; furthermore, even a reasonable root exists, we may still not be sure that the first derivative at the midpoint of the local parametric interval be unit. In view of this, in the present paper, we will give some correction to these errors, and give a new method of nearly arc-length parameterized quintic-spline interpolation which will avoid solving any algebraic equations.
Review and Correction
First of all, let us have a review of the contents in [1] , and give some corrections of the errors occurred in that paper. It was assumed in [1] that 1 + n discrete data points 
were given, and we need to find a cubic-spline curve ) (u P that interpolates these data points. Suppose the i'th segment of this curve is expressed as follows:
where u is the local parameter and i L is the range of u . Ideally, i L should be the arc length of the spline segment between C -continuity at the junctions of the segments, data points and their corresponding first and second derivatives should satisfy the following equation: 
The reason for this is that under global parameter x , the i'th segment of ) (u P has the following expression [2] :
here we can take
Making parametric conversion
will convert x to the local parameter u :
Compare the above equation with equation (2) will obtain the desired result.
To obtain u 0 p and u n p from the boundary conditions, the next step in [1] was to fit quadratic curves to the initial and final three points, and then adopt tangent vectors of the quadratic curves, obtaining the following results in the case of open curves: Actually, the first and the third equations were not correct. The reason for this is that when fit quadratic curves to the initial three points, the second derivatives of the first two segments of the curve will always be a common constant vector, and so
. Therefore, the first two equations of the system of equation (3) will become 0 0 2
from which we obtain ( )
and so we have
But the first equation in (10) can be written as ( ) ( )
and so to make 0 t parallel to
and from which we must have 2 1 L L = , but this can not hold in general. In fact, according to equation (14), 0 t in equation (10) can be simply taken to be
Similarly, fitting quadratic curves to the final three points will lead to
and to make n t in equation (10) 
In the case of periodic closed curves, the following equations were obtained in [1] : 
After obtaining the cubic spline curve ) (u P according to the above method, to estimate the length of the local parameter interval, ) (u P was replaced by a quintic spline curve ) ( u P in [1] .
Suppose the i'th segment of ) ( u P is
At the junctions, the data points and the corresponding first and second derivatives were all taken from the corresponding values of the above cubic spline interpolation curve, only the first derivatives were normalized so as to make the obtained curve be more close to an arc-length parameterized curve. In this way the coefficients of ) ( u i P could be computed: 
To estimate the length i L of the local parametric interval, and to make the obtained curve be more close to an arc-length parameterized one, the norm of the first derivative of the curve at every half point in the local parametric interval was forced to be one: The Improvement of the Method Although strain energy of cubic spline curve is relatively small, the chord length parameterization will cause variation of the norm of the tangent vector from the unit. But in precision machining this variation will go against maintaining a relatively stable feed rate. To improve this condition, a quintic-spline interpolation ) ( u P was constructed in [1] , there the data points and the corresponding first and second derivatives at the junctions were all taken from the corresponding values of the cubic spline interpolation curve, only the first derivatives were normalized so as to make the obtained curve be more close to an arc-length parameterized one. Furthermore, to specify the lengths of the local parametric intervals of every segment of the curve, at the midpoint of the local parametric interval of each segment of the curve, the norm of the first derivative was forced to be unit in [1] and so a quartic equation in the length of the corresponding local parametric interval was obtained. By solving this kind of equations the lengths of all the local parametric intervals can be obtained. But now the problem is that a quartic equation can not always have positive real roots. And even such an equation has a positive real root, we can not be sure that this root is the only positive real root of the quartic equation. In the former condition, we can not estimate the lengths of the local parametric intervals, and in the later condition we may have difficulty in deciding which one will be the most suitable length of the local parametric interval. Besides, in spite of that the lengths of the local parametric intervals were obtained by forcing the first derivative at the midpoint of the local parametric interval to be unit in [1] , the obtained first derivative may still not be unit, so the effort of solving equation (24) may be of no help to improve the distribution of the points on the curve. It is because of these reasons that we will consider other method of estimating lengths of the local parametric intervals to avoid solving a quartic algebraic equation.
It is known that for the parametric curve ) ( u P , u is arc-length parameter if and only if
So, in the following discussion our effort is confined to make ) ( u P′ be in a range of as close to a constant as possible, that is to make the speed of ) ( u P with respect to u be as close to a constant as possible. Here r is the approximate value of the average speed for ) ( (14), (18) and (21) need not be normalized.
The New Algorithm and Numerical Example
Now we describe our method of nearly arc-length parameterized quintic-spline interpolation which will avoid solving any algebraic equations.
Algorithm
Step 1. Calculate (2) is obtained.
Step 4. Calculate all the first derivatives u i p at the junctions of the cubic-spline curve.
Step 5. Calculate all the local approximate average speed value i r of the all the segments of the spline curve by equation (28), and calculate the global approximate speed value r of the cubic-spline curve by equation (29).
Step 6. Adjust al the lengths i L of the local parametric intervals to i L by equation (30) or (31).
Step 7. Changing the lengths of all the u i p to r by scaling.
Step (23) is obtained. Now we give some numerical examples. Fig.3A and Fig.3B is the example in the case of open spline curves, while Fig.4A and Fig.4B is the example in the case of periodic closed spline curves. 
Conclusion
A method of nearly arc-length parameterized quintic-spline interpolation was given in [1] , in that method Newton's iteration algorithm was used to solve a quartic equation. As nothing can guarantee the existence of reasonable roots for that equation, and even such roots exist, Newton's iteration algorithm will require some properties for the equation to be solved, and it also require some suitable value for the iteration algorithm, so the method may not be always work. In the present paper, we developed another method of nearly arc-length parameterized quintic-spline interpolation base on that method which will avoid solving any algebraic equations. It is clear that our method has some advantages over the original one. Experiments also exhibit that our method has good performance.
